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THE UNIQUENESS OF THE GAUSSIAN MULTIPLICATIVE 

CHAOS REVISITED 

JANNE JUNNILA AND EERO SAKSMAN 


Abstract. We consider Gaussian multiplicative chaos measures defined in a 
general setting of metric measure spaces. Uniqueness results are obtained, 
verifying that different sequences of approximating Gaussian fields lead to the 
same chaos measure. Specialized to Euclidean spaces, our setup covers both the 
subcritical chaos and the critical chaos, actually extending to all non-atomic 
Gaussian chaos measures. 


1. Introduction 

The theory of multiplicative chaos was created by Kahane [inillD] in file 1980’s 
in order to obtain a continuous counterpart of the multiplicative cascades, which 
were proposed by Mandelbrot in early 1970’s as a model for turbulence. During 
the last 10 years there has been a new wave of interest on multiplicative chaos, 
due to e.g. its important connections to Stochastic Loewner Evolution iiiiaiin], 
quantum gravity [H Ha 13 EH, models in finance and turbulence m Section 5], 
and the hypothetical statistical behaviour of the Riemann zeta function over the 
critical line [la¬ 
in Kahane’s original theory one considers a sequence of a.s. continuous and cen¬ 
tered Gaussian fields A„ that can be thought of as approximations of a (possibly 
distribution valued) Gaussian field X. The fields are defined on some metric mea¬ 
sure space (T, A) and the increments Xn+i — A„ are assumed to be independent. 
One may then define the random measures fj-n on T by setting 

finidx) := exp(A„(a;) - fE A„(a;)^)A(da;). 

In this situation basic martingale theory verihes that almost surely there exists a 
(random) limit measure /i = lim„_>.oo/^n, where the convergence is understood in 
the weak*-sense. The measure /x is called the multiplicative chaos defined by X (or 
rather by the sequence (V„)), and Kahane shows that under suitable conditions the 
limit does not depend on the choice of the approximating sequence (A„). However, 
the limit may well reduce to the zero measure almost surely. 

We next recall some of the most important cases of multiplicative chaos in the 
basic setting where T is a subset of a Euclidean space, say T = [0,1]'^, and A is the 
Lebesgue measure. Especially we assume that the limit field X is log-correlated, 
i.e. it has the covariance 

Cx{x,y) = 2dl3'^\og\x-y\+G{x,y), x,yGT, (1) 

where G is a continuous and bounded function. This means that X is essentially a 
multiple of (the trace of) a Gaussian free field (GFF). 
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Assuming that the A„ are nice approximations of the field X as explained above, 
Kahane’s theory yields that in case (3 G (0,1) the convergence ^ takes place 
almost surely and the obtained chaos fj,p is non-trivial. It is an example of subcritical 
Gaussian chaos, and, as we shall soon recall in more detail, in this normalisation 
(3 = 1 appears as a critical value. 

In order to give a more concrete view of the chaos we take a closer look at a 
particularly important example of approximating Gaussian fields in the case where 
d = 1 and /r is the so-called exactly scale invariant chaos due to Bacry and Muzy 
0 , El p. 15]. Consider the hyperbolic white noise W in the upper half plane 
so that ¥.W{Ai)W{A 2 ) = TOhyp(Ai (" 1 ^ 2 ) for Borel subsets Ai, A 2 G R+ with 
compact closure in R^. Above dmhyp = y~^dxdy denotes the hyperbolic measure 
in the upper half plane. For every t > 0 consider the set 

At{x) := {{x , y') G R^ : y' > max(e“*, 2\x' — x\) and ja;' — a;| < 1/2} (2) 

and define the field Xt on [0,1] by setting 

Xt[x) := y/MW{At{x)). 

Note that the sets At{x) are horizontal translations of the set At(0). One then 
defines the subcritical exactly scale invariant chaos by setting 

P2 

dyi 3 {x) != lim exp ((iXt{x) - —E{Xt{x))^) dx for /3 < 1. (3) 

t—^OO ^ 2i '' 

If /3 = 1, the above limit equals the zero measure almost surely. To construct the 
exactly scaling chaos measure at criticality (3=1, one has to perform a non-trivial 
normalization as follows: 

dyi{x) := lim \/texp (Xt{x) — iE(Ai(a;))^) dx, (4) 

t^OO ^2 ' 

where the limit now exists in probability. 

The need of a nontrivial normalisation at the critical parameter value in (0) has 
been observed in many analogous situations before, e.g. ElUg. A convergence 
result analogous to 0 ) was proven by Aidekon and Shi in the important work 0 in 
the case of Mandelbrot chaos measures that can be thought of as a discrete analogue 
of continuous chaos. Independently C. Webb [27] obtained the corresponding result 
(with convergence in distribution) for the Gaussian cascades (0 and considered 
the total mass, but the convergence of the measures can then be verified without too 
much work). Finally, Duplantier, Rhodes, Sheffield and Vargas [IT1[T0 established 
® for a class of continuous Gaussian chaos measures including the exactly scaling 
one. We refer to EH US] foi' ^ much more thorough discussion of chaos measures 
and their applications, as well as for further references on the topic. 

An important issue is to understand when the obtained chaos measure is indepen¬ 
dent of the choice of the approximating fields Xn. As mentioned before, Kahane’s 
seminal work contained some results in this direction. Robert and Vargas m ad¬ 
dressed the uniqueness question in the case of subcritical log-correlated fields ( 0 ) for 
convolution approximations V„ = * X. Duplantier’s and Sheffield’s paper [l6] 

gives uniqueness results for particular approximations of the 2-dimensional GFF. 
More general results developing the method of E3] are contained in the reviews EH 
due to Rhodes and Vargas, and in nni the method is also applied in a special case 
of critical chaos. Their conditions are very similar to ours in this paper. Another 
approach is contained in the paper of Shamov EH Sections 7, 8]. The techniques of 
the latter paper are based on an interesting new characterisation of chaos measures, 
which is applicable in the subcritical range. Finally, Berestycki 0 has a new simple 
proof for convolution approximations, again in the subcritical regime. 
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In the present paper we develop an alternative approach to this important ques¬ 
tion of independence on the approximation fields used. Our simple idea uses a 
specifically tailored auxiliary field added to the original field in order to obtain 
comparability directly from Kahane’s convexity inequality, and the choice is made 
so that in the limit the effect of the auxiliary field vanishes. The approach is out¬ 
lined before the actual proof in the beginning of Section [SJ One obtains a unified 
result that applies in general to chaos measures obtained via an arbitrary nor¬ 
malization, the only requirement is that the chaos measure is non-atomic almost 
surely. Especially, the case of the classical critical chaos is covered, and moreover 
our results apply also to a class of chaos measures that lie between the critical and 
supercritical ones, which one expects to be useful in the study of finer properties of 
the critical chaos itself. 

Our basic result considers the following situation: Let (X„) and {Xn) be two 
sequences of Holder-regular Gaussian fields (see Section [2] for the precise definition) 
on a compact doubling metric space (7”, d). Assume that for each n > 1 we have a 
non-negative Radon reference measure pn defined on T. Define the measures 

d^x) := 

for all n > 1. The measures Jin are defined analogously by using the fields Xn 
instead. 

Theorem 1.1. Let Cn(x,y) and Cn{x,y) he the covariance functions of the fields 
Xn and Xn respectively. Assume that the random measures Jin converge in distri¬ 
bution to an almost surely non-atomic random measure J1 on T■ Moreover, assume 
that the covariances Cn and Cn satisfy the following two conditions: There exists 
a constant K > 0 such that 

sup \Cn{x,y) — Cn{x,y)\ < K < oo for alln> 1, (5) 

x,y^T 

and ^ 

lim sup \Cnix,y) — Cnix,y)\ = 0 for every 6 > 0. (6) 

d(x,y)>S 

Then the measures p-n converge in distribution to the same random measure Jl. 

Remark 1.2. For simplicity we have stated the above theorem and will give the 
proof in the setting of a compact space T. Similar results are obtained for non¬ 
compact T by standard localization. For example assume that T has an exhaustion 
'r = ur=i Kn with compacts Ki C K2 C ■ ■ ■ C T, such that every compact K cT 
is eventually contained in some Kn- Then if the assumptions of Theorem 11.11 are 
valid for the restrictions to each Kn, the claim also holds for T, where now weak 
convergence is defined using compactly supported test functions. 

The proof of the above theorem is contained in Section[31 where it is also noted that 
one may somewhat loosen the condition ([S]), see Remark 13.61 We refer to Section [5] 
for precise definitions of convergence in the space of measures and other needed 
prerequisities. 

Section |4] addresses the question when the convergence in Theorem 11.11 can be 
lifted to convergence in probability (or in LP). The basic underlying assumption is 
that this is the case for some other approximation sequence that has a martingale 
structure - a condition which is often met in applications. 

In Section [S] we state some consequences for convolution approximations (see 
Corollaries 15.21 and 15.4|) . Moreover, convergence results are stated for mildly per¬ 
turbed fields. 

Finally, Section [5] illustrates the use of the results of the previous sections. This 
is done via taking a closer look at the fundamental critical chaos on the unit circle, 
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obtained from the GFF defined via the Fourier series 

OO 

X{x) = 2^f\c^Ao + {^Ak sin(27rfca;) + Bk cos(27rfca;)) for x G [0,1), 

k=l 

where the An, Bn are independent standard Gaussians. In [3] the corresponding 
subcritical Gaussian chaos was constructed using martingale approximates defined 
via the periodic hyperbolic white noise. We shall consider four different approxi¬ 
mations of X: 

1. Xi^n is the approximation of X obtained by cutting the periodic hyperbolic 
white noise construction of X on the level 1/n. 

2. X 2 ,nix) = 2v^log 2Ao + k~^^'^[AkSm{2TTkx) -b Bk cos{2'!rkx)) for 

X G [0,1). 

3. X^^n = X, where </) is a mollifier function defined on B that satisfies 

some weak conditions. 

4. Xi^n is obtained as the nth partial sum of a vaguelet decomposition of X. 
Theorem 1.3. For all j = 1,... the random measures 

\/lognexp {Xj^n{,x) - dx 

converge as n —>■ oo in probability to the same nontrivial random measure on 

T, which is the fundamental critical measure on T. The convergence actually takes 
place in LP{TI) for every 0 < p < 1. The same holds for the vaguelet decomposition 
Xi^n with the normalization y/n log 2 instead of -y/log n. 

We refer to Section[B]for the precise definitions of the approximations used above. 
Theorem fOl naturally holds true in the subcritical case if above Xj^n is replaced 
by PXj^n with /3 G (0,1), and one removes the factor ^logn. We denote the limit 
measure by P/ 3 ,si. 

Acknowledgements. We thank Dario Gasbarra for useful discussions in connection 
with Lemma 14.21 and Ghristian Webb for many valuable remarks on the manuscript. 

2. Notation and basic definitions 

A metric space is doubling if there exists a constant M > 0 such that any ball of 
radius £ > 0 can be covered with at most M balls of radius e/2. In this work we 
shall always consider a doubling compact metric space {T,d). We denote hy 
the space of (positive) Radon measures on T. The space Xi of real-valued Radon 
measures on T can be given the weak*-topology by interpreting it as the dual of 
C(T). We then give <Z M the subspace topology. 

The space AI"*" is metrizable (which is not usually the case for the full space Xi), 
for example by using the Kantorovich-Rubinstein metric defined by 

d{m, to') := sup | J f{x) dim — m'){x) : f. T — R is 1-Lipschitz 

For a proof see [HI Theorem 8.3.2]. 

Let denote the space of Radon probability measures on A4+. One should 

note that Borel probability measures and Radon probability measures coincide in 
this situation, as well as in the case of 7^(T), since we are dealing with Polish spaces. 
Let (D,A, P) be a fixed probability space. We call a measurable map II —?> 
a random measure on T. For a given random measure p the push-forward measure 
/J.,P G T’iXi'^) is called the distribution of p and we say that a family of random 
measures pn converges in distribution if the measures /i„*P converge weakly in 
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V[M^) (i.e. when evaluated against bounded continuous functions V{M^) —>■ R). 
In order to check the convergence in distribution, it is enough to verify that 

M«(/) := J f{x)dfj.n{x) 

converges in distribution for every / G C{T). 

A stronger form of convergence is the following: We say that a sequence of 
random measures {nn) converges weakly in to a random measure fj, if for all 
/ G C(T) the random variable / f{x)dyLn{x) converges in LP{n) to / f{x)d^{x). 
This obviously implies the convergence /i„ —>■ /i in distribution. 

A (pointwise defined) Gaussian field A on T is a random process indexed by T 
such that (A(<i),..., A(t„)) is a multivariate Gaussian random variable for every 
ti,... ,tn £ T, n > 1. We will assume that all of our Gaussian fields are centered 
unless otherwise stated. 


Definition 2.1. A (centered) Gaussian field A on a compact metric space T is 
Holder-regular if the map (x, y) i—>■ -^/E |A(x) — X{y)\‘^ is a-H61der continuous on 
T X T for some a > 0. 

Lemma 2.2. The realizations of any Holder-regular Gaussian field on T can he 
chosen to be almost surely fi-Holder continuous with some /3 > 0. 

Proof. This is an immediate consequence of Dudley’s theorem (See for instance [U 
Theorem 1.3.5].) and the fact that our space is doubling. □ 


Remark 2.3. By Dudley’s theorem the conclusion of Lemma [2.21 would be valid 
under much less restrictive assumptions on the covariance, and most of the results 
of the present paper could be reformulated accordingly. 


Assume that we are given a sequence of Holder-regular Gaussian fields (A„) on T 
and also a sequence of measures pn £ Ai’*’. Define for all n > 1 a random measure 
Pn- D —7> by setting 

dnif) (7) 

for all / G CifT). In the case where the measures /r„ converge in distribution to a 
random measure /r: D — >■ A4~^, we call p a Gaussian multiplicative chaos (GMC) 
associated with the families A^ and pn- We call the sequence of measures pn a 
normalizing sequence. In the standard models of subcritical and critical chaos the 
typical choices are pn '= A and pn '.= Cy/n\ (or /?„ := C^/lognX), respectively, 
where A stands for the Lebesgue measure. 

Unless otherwise stated, when comparing the limits of two sequences of random 
measures (/i„) and (pn), we will always use the same normalizing sequence [pn) to 
construct both /i„ and 

Lastly we recall the following fundamental convexity inequality due to Kahane 

m- 


Lemma 2.4. Assume that X and Y are two Holder-regular fields such that the 
covariances satisfy Cx{s,t) > CY{s,t) for all s,t G T. Then for every concave 
function f: [0, oo) —>■ [0, oo) we have 


E 


V(t)-iE[X(t)"] 


r 


dp(t)) 


< E 


„v(t)-iE[y(t)"] 


r 



for all p G A1 + . 
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3. Convergence and uniqueness: Proof of Theorem 11.11 

In this section we prove Theorem 1 1.1 1 The simple idea of the proof is as follows: We 
construct a sequence of auxiliary fields (see especially Lemma 1331) that we add 
on top of the fields in order to ensure that the covariance of Xn + dominates 
the covariance of Xn pointwise. The fields Y^ become fully decorrelated as e —>■ 0, 
and their construction relies on the non-atomicity of the random measure Jl. After 
these preparations one may finish by a rather standard application of Kahane’s 
chaos comparison inequality. 

The next two lemmata are almost folklore, but we provide proofs for complete¬ 
ness. 

Lemma 3.1. Let (^„) be a tight sequence of random measures. Then there exists 
a function h: [0,oo) —>■ [0,oo) that has the following properties: 

(1) functions h, and h'^ are increasing and concave with h{0) = 0 and 
lima;_),oo h{x) = oo, 

(2) h satisfies min(l, a;)/i(?/) < h{xy) < max(l, and 

( 3 ) sup„>iE/i(^„(T))'‘ < 00. 

Proof. First of all, by the definition of tightness one may easily pick an increasing 
g: [0,oo) —>• [l,oo) with lima;_,.oo = oo such that sup„>]^ E [( 7 (^n,(T))] < oo. 
Namely, let 0 = to ^ ^ ^2 < ■ • ■ be an increasing sequence of real numbers such 
that sup„>iP[/r„(T) > tfe] < for all A: > 1 and set g{x) = J2T=oXltk,oo)- One 
may choose a concave function h that is majorized by g and satisfies both h{0) = 0 
and lima;_>oo = oo. Finally, set h{x) := {h{x)y^^. Condition (3) follows, and 
(2) is then automatically satisfied by concavity. Since compositions of non-negative 
concave functions remain concave we obtain (1) as well. □ 

Lemma 3.2. Forn > 1 let Xn and Xn be Holder-regular Gaussian fields onT with 
covariance functions Cn{x,y) and Cn{x,y). Define the random measures /i„ and 
fin using the fields Xn and Xn, respectively. Assume that there exists a constant 
K > 0 such that 

sup {Cn{x,y) - Cn{x,y)) < K <oo 

for all n > 1 and that the family (fin) is tight (in P(Af Then also the family 
(pin) is tight. 

Proof. By the Banach-Alaoglu theorem it is enough to check that 

lim supP[/r„(T) > u] = 0. 

Since lim„_>oo Ai(w) = oo, it suffices to verify that sup„>]^ E Ai(/i(T)) < oo, where 
h is the concave function given by Lemma 13.11 for the tight sequence fin. Pick an 
independent standard Gaussian G. By our assumption the covariance of the field 
X'n := Xn + dominates that of the field Xn, and if the random measure pf 

is defined by using the field X'n, we obtain by Kahane’s concavity inequality 

E (/i(/x'„(T)))^ < E (h(fin(T)))^ < c for any n > 1 

for some constant c > 0 not depending on n. 

Since fin = the properties (2) and (3) of Lemma [XT] enable us to 

estimate for all n > 1 that 

Eh(iJ.n(T)) = E fin(T)) < E (max(l, 

< (E(max(l,e“-^^^''‘^+-^/^))^)^^^(E(Ai(jI„(T)))^)^^^ < c'^/c, 
for some c' > 0. □ 
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Our proof of Theorem 1 1.1 1 is based on the following two lemmas. 

Lemma 3.3. Let (Xn) and (Xn) be two sequences of Holder-regular Gaussian fields 
on T■ Assume that there exists a constant K > 0 such that the covariances satisfy 

sup \Cn{x,y) - Cn{x,y)\ < K < oo 
x,yeT 


for all n > 1. Assume also that both of the eorresponding sequences of random 
measures (/i„) and (jin) converge in distribution to measures y and jl respectively, 
and that jl is almost surely non-atomic. Then also y is almost surely non-atomic. 

Proof. Let G be an independent centered Gaussian random variable with variance 
EG^ = K. Then the covariance of the field Xn + G dominates that of the field X„. 
Define a field Un{x,y) := Xn{x) + Xn(y) + 2G on the product space T x T. Its 
covariance is given by 


E [Unix, y)Unix', y')] = E + E [Xn{y)Xn{y')] + E [Xn{x)Xn{y')] 

+ W.[Xniy)Xnix')]+lK, 

and therefore dominates the covariance of the field Vnix, y) := X„(a;) + X„(j/) given 

by 


E [Vn{x, y)Vn{x', y')] = E [X„(a:)X„(x')] + E (?/')] + E [X„(a;)X„(y')] 

+ E[X„(y)X„(xO]. 


Define a measure p'n on T x T by setting 

m 

dp'nix,y) = 

k=l 


where /i,..., fm G G (T) is a fixed arbitrary finite collection of continuous func¬ 
tions. Observe that p^ is absolutely continuous with respect to the measure Pn®Pn- 
By Kahane’s convexity inequality we have 


E 

< E 


„Unix,v}-^K[Unix,vf] J / 


TxT 


TxT 


dp'n{x,y)) 


„Vq(a).y)-iE[V„(x.y)^] , / 


dp'nix,y)) 


where h is the function from Lemma fS . 1 I chosen for the sequence (/in)- By Lemma iTT 
the left hand side is larger than 


E 


m » 

1 m 

dipn® Pn)ix,y)'^ > AE[h{'^ynifk)'^)] 
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for some constant A that depends only on K. Similarly the right-hand side is at 
most 

/fe(^)/fc( 2 /)exp (^X„(x) + X„(y) - ^E[X„{xf] - ^E[Xr,{yf] 

- E [Xnix)X„{y)] + E [X„{x)Xn{y)]^ d{p„ (g) Pn)(x, y}j 

< max(l,e^)E/t^y^ J fk{x)fkiy) exp (^X„{x) + X„{y) 

- [X„{xf] - ^E [X„iyf]^ d{pn ® p„)(a;, 

m 

= max(l,e^)E/i(y^^n(/fc)^y 

k=l 

Thus we have the inequality 

m m 

Eh(^/r„(/fc)2) < cEh(^Y.^Mkf) 


k=l 


k=l 


for some constant c > 0 depending only on K. 

By Skorokhod’s representation theorem we can assume that Pn{fi), ■ ■ ■, Pn{fm) 
and Pnifi), ■ ■ ■ ,P'nifm) converge almost surely. Note that by condition (3) of 
Lemma [3.11 the sequence hQ2^^^'jln{fk)^) is uniformly integrable. We have de¬ 
duced the uniform (over m and the functions fk) estimate 


m m 

E.(x: M(/fc)^) < cEh(^'^p{fk)'^y 

k=l k=l 


We next make a specific choice for the functions fk- Given £ > 0 choose a 
maximal set xi,X 2 , ■ ■ ■ ^Xm € T so that \xi — Xj\ > | for every i j, where 
m = m(e). For each 1 < k < m define the continuous function fk by setting 

fk{x) := max (^0, min (2- —l)^ . 

Denote the diagonal of the product space T x T hy A := {{x, x) £ T x T} and its 
2e-neighbourhood by A 2 e = {(a:, y) £ T x T : d-rxT{{x, y), A) < 2e}. Here we use 
the metric dq-xT{(x,y),(x',y')) := Tn.SK{d{x,x'),d(y,y')}. Then for any measure 
A S we have 

m m 

(A (g) A)(A) < ^ \{fkf < ^ \{B{xk,e)f 

k^l k^l 

m 

< A^(A0 A)([J B{xk,s) X B{xk,e)) < A^(A (8) A)(A2e), 

k^l 


where fV > 0 measures the maximal overlap of the balls B{xk,e), and depends only 
on the doubling constant of the space T. In particular for every £ > 0 we have 

m m 

Eh{{p®p){A))]<Eh{Y,t^{fkf)<cEh{Y,Wkf)<cNEh{{'il®Jl){A2e)). 

k—1 k—1 


Letting e —>• 0 lets us conclude that {p 0 p)iA) = 0 almost surely, which entails 
that p is non-atomic almost surely. □ 
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Remark 3.4. One should note that the above proof is not valid as such if one just 
assumes that the dominance of the covariance is valid in one direction only. In a 
sense we perform both a convexity and a concavity argument while deriving the 
required inequality. 


Lemma 3.5. There exists a collection (e > 0) of Holder-regular Gaussian fields 
on T such that Ce{x,y) := E [Z^(x)Zsatisfies Ce{x,x) = 1 for all x G T and 
s'®1 (iA(a:) converges to A(T) in for any non-atomic finite 

measure A G as e —>■ 0. Moreover, we have the bound 


E 


J gZe(x)-iE[Z,(x)=] 


< c(A (g) X)({{x,y) gT :\x-y\< 2e}) 


for some constant c > 0. 


Proof. Fix a sequence of independent standard Gaussian random variables Ai, i > 
1. Let e > 0 and choose a maximal set of points ai,..., a„ in T such that fi — af > 
e/2 for all 1 < i < j < n. Let Bi be the ball B{ai,e). Then the balls Bi cover 
T and we may form a Lipschitz partition of unity pi,..., with respect to these 
balls. That is, pi,... are non-negative Lipschitz continuous functions such that 
Pi(x) = 0 when x ^ B{ai,e) and for all a; G T we have J27=iPi(^) — 1- 
Define the field Zs{x) by setting 

n 

= y^^A,^/pi{x), 

whence the covariance of is given by 

n 

Ce{x,y) ■.= ¥,[Ze{x)Ze{y)] = VPiix)Piiy)■ 

By the Cauchy-Schwartz inequality we see that 


Ce{x,y) < 


n 


n 




i=i \ 




for all x,y gT. Futhermore Ce{x, cc) = 1 for all x gT. 
Now a direct computation gives 


E 


2 

f e^'(^)-5iE[Ze(D"]rfA(x)-A(r) = [ [ (e^'(^>^)-l)dA(x)dA(y). 

J'T J 'Y J 'Y 


Clearly when \x — y\ > 2£, we have \x — ai\ + \y — ai\ > 2£, so one of x or i/ lies 
outside of Bi for every 1 < i < n, which implies that Ce{x,y) = 0. Therefore we 
have 


„Ce{x,y) 


T JT 


1) dA(x) dX{y) = f - l) d(A ® A)(x, y) 

J {|a;-y|< 2 e} 

< (e - 1)(A (g) A)({(x, y) : |x - y| < 2£}), 


and the right-hand side goes to 0 as £ —)► 0, since the non-atomicity of A guarantees 
that (A (g) A)({(x, x) : X G T}) = 0. □ 


Proof of Theorem \l.l\ We will first assume that both sequences (/i„) and (pi„) con¬ 
verge in distribution and show how to get rid of this condition at the end. 

Let Zg be the independent field constructed as in Lemma 13.51 Let 1/ (x) = 
Ykz, (x) -I- eG, where G is an independent standard Gaussian random variable. A 
standard argument utilizing the continuity of the covariance of and compactness 
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yields that for all large enough n the covariance of the field Xn + is greater than 
the covariance of the field at every point (x, y) € T x T- 

We may assume, towards notational simplicity, that our probability space has 
the product form x 172 , and for (wi, W 2 ) S 17 one has Xn{{uii,uj 2 )) = Xn{uji) 

and Xn{{oJi,uj 2 )) = X„(a;i) together with W((a;i,W 2 )) = ^(^ 2 ) for all e > 0. Let 
ip: [0,oo) —>■ [0,oo) be a bounded, continuous and concave function. Then by 
Kahane’s convexity inequality we have 


E 




^/(a;)e 




dpn{x)) 


E 


p / f{x)e " = 


X„-^E[X„(xf] 


dpn{x) 


'r 


< 


for all non-negative / G C{T). Since for all fixed UJ 2 G 172 , W(w 2 )(a:) — 5 IE [W(a;)^] 
is a continuous function on T, we see that 


E 


r 2 i 


‘p 


'r 


/(a 


I dpn{x) 


E< 




'r 


fix) 


,Y,{x)-^ElY,ixf] 


dp(x) 


as n —>■ 00 . In particular we have by Fatou’s lemma that 


E 




'T 


=En 2 lim Eq 

n—¥oo 


Xr,{x)+Yeix)-^E[X,^ixf]-^E[Ye{xf] 




fix)e 


dpn{x) 


'T 


< lim inf E 

n — XX ) 




fix)e 


X„-iE[X„(rc)^] 


dpnix) 


’T 


= E 


P (^J^fix)dp{x) 


( 8 ) 


(9) 


Acceding to Lemma 13.51 for almost every uji G 17i we know that 

g,:= f g := f fix)dp{x) 

Jr Jt 

in L^( 172 ). We next note that for a suitable fixed sequence Efe —>■ 0 this convergence 
also happens for almost every a ;2 G 172 . By Lemma l3.5l we have the estimate 

he - 9\\h(n2) ^ c||/||^(^)(^ 0 ^)({|a; - y\ < 2e}), 
where c > 0 is some constant. Choose the sequence Sk so that 


’[c||/llc(r)(/a®/a)({k-J/l < 2efc}) >4 ] < p, 


which is possible because {p(Sip){{{x, x) : x G T}) = 0 almost surely. By the Borel- 
Cantelli lemma there exists a random index ko{uJi) > 1 such that with probability 
1 we have 


hsk - < c||/||c(r)(A^ ® M)({k -y\< 2ek}) < 4 

for all k > ko{u}i). Now a standard argument verifies the almost sure convergence 
in (O. 

The almost sure convergence finally lets us to conclude for all non-negative / G 
C{T) and non-negative, bounded, continuous and concave p that 


E 


p / f{x) dp{x) 


'r 


< E 


pi / f{x)dp{x) 


'T 
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Similar inequality also holds with the measures /r and /i switched, so we actually 
have 


E 


ip / f{x) dp{x) 


'T 




p / f{x) dp{x) 


'T 


It is well known that this implies p Jl. 

Let us now finally observe that one can drop the assumption that both families 
of measures converge. By Lemma 13.21 and Prokhorov’s theorem we know that 
every subsequence pnk has a further subsequence that converges in distribution to 
a random measure. Lemma 13.31 ensures that the limit measure of any converging 
sequence has almost surely no atoms, and hence by the previous part of the proof 
this limit must equal Jl. This implies that the original sequence must converge to 
Jl as well. □ 


Remark 3.6. Our proof of Theorem 11.11 may be modified in a way that allows the 
conditions m and to be somewhat relaxed. E.g. in the case of subcritical log¬ 
arithmically correlated fields it is basically enough to have for e > 0 the inequality 

\Cn{s,t) - Cn{s,t)\ < e(l -kl 0 g+ 1 ^^^) 

for n > n{e). Analogous results exist also for the critical chaos, but in this case the 
specific conditions are heavily influenced by the approximation sequence A„ one 
uses. 


4. Convergence in probability 

In the previous section convergence was established in distribution, which often suf¬ 
fices, and the main focus was on the uniqueness of the limit. In the present section 
we establish the convergence also in probability, assuming that this is true for the 
comparison sequence Jin, which is constructed using approximating sequence (A„) 
that has independent increments. Convergence in probability in the subcritical case 
was also discussed in [24], and our Theorem |43| below can be seen as an alternative 
way to approach the question. For the proof we need the following two auxiliary 
observations. 

Lemma 4.1. Let T\ d Ti C ... be an increasing sequence of sigma-algebras 
and denote Too ■= crdJ^i -^k) C T. Assume that the real random variables 
X, Xi,X 2 , ■ ■ ■ satisfy: X is Too-'measurable, an-d for any Tj measurable set E (with 
arbitrary j > 1 ) it holds that 

XsXk XeX as k ^ oo. (10) 

p 

Then Xk —> X as fc —>■ oo. 

Proof. We first verify that (nni) remains true also if the set E is just -measurable. 
For that end define hj := '¥,(xE\Tj) and construct an Joo-measurable approx¬ 
imation Ej := /i“^((I/2,1]). The martingale convergence theorem yields that 
P(i?jAF) —>■ 0 as j —>■ oo. Since the claim holds for each Ej, it also follows 
for the set if by a standard approximation argument. 

Let us then establish the stated convergence in probability. Fix e > 0 and pick 
M > 0 large enough so that P(|A| > M/2) < e/2, and such that P(|A| = M) = 0. 
Then for some fco we have that P(|Afe| > M) < e if k > ko- Divide the interval 
(—M, M] into non overlapping half open intervals Ii,... of length less than e/2 
and denote Ej := X~^(Ij) for j = 1,... ,i. In the construction we may assume 
that 0 is the center point of one of these intervals and P(A = a) = 0 if a is an 
endpoint of any of the intervals. We fix j and apply condition m to deduce that 
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XEjXk —>■ XeX as fc —>■ oo. Assume first that 0 ^ Ij. Then the Portmonteau 
theorem yields that limfe_>oo P{XEjXk G I j) = P{xEjX G Ij), or in other words 

P{{X G Ij}n{Xk G Ij}) ^FiX G Ij) as k^oo. 

In particular, for large enough k we have that 

P(A,n(|A-Afe| >£)) < ^ (11) 

If 0 G Ij we obtain in a similar vein that limfc_>oo PiXE^Xk G (Ij)^) = P(xEjX G 
(Ij)^) = 0, or in other words P({A G dj} H {Xu G 1}}) —>■ 0, so that we again get 
that P(£'j n (|X — Xk\ > e) < -^ for large enough k. By summing the obtained 
inequalities for j = and observing that P(ljfc=i ^k) > 1 — e/2 we deduce 

for large enough k the inequality P(|A — Xk\ > e) < e, as desired. □ 

Lemma 4.2. Let X be a Holder-regular Gaussian field on T that is independent 
of the random measures p and v on T. 

(i) If e^p ^ e^v, then also p i/. 

(ii) If (pn) is a sequence of random measures such that the sequence 

converges in distribution, then also the sequence {pn) converges in distri¬ 
bution. 


Proof. We will first show that if X is of the simple form Nf with N a standard 
Gaussian random variable and / G C{T), then the claim holds. To this end let us 
fix g G C(T) and consider the function : R —^ C defined by 


(p{x) = E [exp (i 


g^f/g = E [exp 


e^fe ^^gdv)]. 


Because N is independent of p and i', we may write 




e^y-^^^gdp)] 



2 


dy. 


By denoting u{t) = E[exp(i J e *-^gdp)], v{t) = E [exp(i f e *-fgdv)] and h{x) = 
2 , we see that ip{x) = {u*h){x) = {v*h){x). Because the Fourier transform 
of h is also Gaussian we deduce by taking convolutions that the Fourier transforms 
u and V coincide as Schwartz distributions. Since u and v are continuous, this 
implies that u(x) = v(x) for all x. In particular setting a: = 0 gives us 


E[exp(i / g dp)] =E[exp{i / gdu)], 


for all g G C{H), whence the measures p and u have the same distribution. 

To deduce the general case, note that we have the Karhunen-Loeve decomposi¬ 
tion 

OO 

x^Y^^kfk 

k=l 

where Nk are standard Gaussian random variables and fk G C{T) for all /c G N. 
Moreover the above series converges almost surely uniformly. (See for example 
[TJ Theorem 3.1.2.].) By the first part of the proof we know that e^'k=,,’^kfk ^ 
and v have the same distribution for all n G N. By the dominated 

convergence theorem we have 


E 


[exp(i J gdp)] 


lim E [exp(i 

n—¥oo 


= lim E [exp(i 

n—^oc 


gllfe = n, ^•’Hgdp)] 

6 ^'=="d:/)] = E [exp(i / g dv)] 


for all g G C{T), which shows the claim. 
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The second part of the lemma follows from the first part. Since X (t) < oo 

almost surely, one checks that the sequence (/i„) inherits the tightness of the se¬ 
quence It is therefore enough to show that any two converging subsequences 

have the same limit. Indeed, assume that fikj M —>■ v in distribution. 

Then by independence we have fXkj —>■ and fjinj —>■ e^u, but by as¬ 

sumption the limits are equally distributed and hence also /i and v have the same 
distribution. □ 


A typical example of a linear regularization process described in the following 
definition is given by a standard convolution approximation sequence. We denote 
by (^“(T) the Banach space of a-H61der continuous functions on T. 

Definition 4.3. Let {Xk) be a sequence of approximating fields on T. We say 
that a sequence (i?„) of linear operators i?„: UqgIo i) C'“(T) —>■ C(T) is a linear 
regularization process for the sequence (Xk) if the following properties are satisfied: 

(1) We have lim„_>oo \\Rnf - /||oo = 0 for all / S UaG(o,i) 

(2) The limit i?„A := limfe_).oo RnXk exists in C'(T) almost surely. 

Theorem 4.4. Assume that the increments {X^+i — Xm '■ rn > 1} of the approx¬ 
imating fields Xm are independent and that there is the convergence in probability 

dfin ■■= dpn Jl. ( 12 ) 

n—xx) 

Let Rn be some linear regularization process for the seguence Xk such that 

n—¥oo 

Then also dpn = 1 dpn converges to Jl in probability. 

Remark 4.5. As in Remark 11.21 the above theorem extends to the case of a non¬ 
compact T when the assumptions are suitably reinterpreted. In a particular appli¬ 
cation it is also enough to assume the condition (1) in Definition 021 for one suitable 
fixed value of a > 0, if the exponent of the Holder regularity of the approximating 
fields is known. 

Proof. Define the filtration := tT(Ai,..., Xn). First of all, since dpn 

converges to fi in probability as n —>■ oo, we also have 


To see this, one uses that E [{Xn — XkY\ = E [A^] — E [X^] and considers almost 
surely converging subsequences, if necessary. We denote rjk ■= + 

Notice that E [(i?„A)(i?„Afe)] = E by the independent increments and 

the definition of i?„A. We may thus write 




dpn 


(13) 


gR„Xfc-Xfc-|-iE lXl-{R„Xkf] 


gX;,-lE[X^]gR„(X-Xfc)-iE[(ii„(X-Xfc))"] 


Above on the right hand side the term in brackets is negligible as n —>■ oo. To see 
this, we note first that g^nX^-Xk almost surely to the constant function 1 

uniformly according to Definition I4.3l li. Moreover, E [X^ — (i?„Afe)^] tends to 0 
in C{T), since the field Xk takes values in a fixed C^{T) for some 7 > 0 , and by 
the Banach-Steinhaus theorem sup„>]^ ll-f^n||c^(T)->-C(T) < Namely, 

||E [Xl - {RnXkf]\\c{T) < E ||(Afe - RnXk){Xk + RnXk)\\ciT) 


< E 




RnXk\\c{T)\\^k + RnXk\\c{T) 


<E||Afe||^,(.^), 
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whence the dominated convergence theorem applies, since ||-^/c||c^(T) has a super 
exponential tail by Fernique’s theorem. All in all, invoking the assumption on the 
convergence of we deduce that 






(14) 


in distribution as n —>■ oo. 

By Lemma 14.21 we thus have the distributional convergence 

gfl„(x-A.)-iE 1(R^(X-X,)f] as n ^ oo 


where the limit Vk may be assumed to be independent of J^k- In particular, recalling 
(fn)l we deduce that has the same distribution a,sjl = 

Lemma 14.21 now verifies that Vk ^ Vk- In order to invoke Lemma 14.11 fix any jFk 
measurable bounded random variable g. Then g and Xk are independent of X — Xk, 
and we therefore have the distributional convergence 


ge 


Xfc-iE [X=] R„(X-Xfc)-iE [(fl„(X-Xfc)) = ] 


dpn 


(15) 


l^l^k] ^ gg^k = g dfl, 


where the second last equality followed by independence. Finally, again by the 
negligibility of the term e^n^k-Xk^- 2 ^[x^-{RnXk) ] using (TT^ we see that 
(TTSI) in fact entails the convergence of g dpn to g dp in distribution. At this stage 
Lemma mi] applies and the desired claim follows. □ 


Remark 4.6. In the previous theorem it was crucial that we already have an ap¬ 
proximating sequence of fields along which the corresponding chaos converges in 
probability. In general if one only assumes convergence in distribution in (1121) . one 
may not automatically expect that it is possible to lift the convergence to that in 
probability, even for natural approximating fields. However, for most of the stan¬ 
dard constructions of subcritical chaos this problem does not occur, as we have 
even almost sure convergence in (1121) due to the martingale convergence theorem. 


5. Two AUXILIARY RESULTS 


In this section we provide a couple of useful auxiliary tools dealing with convolution 
approximations and convergence of perturbed chaos. 

The next lemma and its corollaries show that any two convolution approxima¬ 
tions (with some regularity) applied to log-normal chaos stay close to each other in 
the sense of Theorem 11.11 

Lemma 5.1. Let p.ip'. —?> R satisfy f (p{x) dx = J iIj{x) dx = 1 and \ p{x)\, \i^{x)\ < 
C{1 + |x|)-(^+'5) for all X € with some constants C,S > 0. Then if u € 
BMO{'R‘^), we have 

\{pe * u){x) - {ife * u){x)\ < K 
for some constant K > 0 not depending on e. 


Proof. One can use the mean zero property and decay of — "0 together with a 
standard BMO-type estimate (TS] Proposition 7.1.5.] to see that for any e > 0 we 
have 


/ {(fie — ipi;){t)u{x — t) dt = / {ip —'if){t)(u{e{x — t)) — 4- u{e{x — s)) ds'\ dt 

r \u{e{x - t)) - u{e{x - s)) ds\ 

Jb 


R<i (1 + l^l)'^'*''^ 

< Cd,s\\u{e{x — •))I|bmo = Cd,s\\u\\BMO- 


□ 
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Corollary 5.2. Let f{x, y) = 2df3^ log’*’ + 9{x, y) be a covariance kernel of a 
distribution valued field X defined on Here g is a bounded uniformly continu¬ 
ous function. Assume that ip and if are two locally Holder continuous convolution 
kernels in R'^ that satisfy the conditions of Lem,m,a \5.1\ Let (£„) he a sequence of 
positive numbers e„ converging to 0. Then the approximating fields := * X 

and Xn := 4>s„ * X satisfy the conditions © and of Theorem \l.l[ 


Proof. The function £{x) := 2dj3‘^\og^ belongs to BMOfTP^) since log |a:| G 
BMOfRf'), see for example [TH Example 7.1.3]. One computes that the covariance 
of (/?£ + X equals 


11 p,{x-t)p,iy-s)iit-s)dtds + n Pe{x - t)pe{y 


s)g(t, s) dt ds. 


Because g is bounded and uniformly continuous the second term goes to g{x, y) 
uniformly, so we may without loss of generality assume that g{x,y) = 0. The first 
term equals {pe * Pe{ —) * (-){x — y), so the condition ([S]) follows from Lemma Th.II 
applied to the convolution kernels p* p{—-) and ip * ip{—■). Here one easily checks 
that also p * p{ —) satisfies the conditions of Lemma [5.11 and that {p * p {—))e = 
Pe * pe{—-). Finally, the condition (|6]) is immediate. □ 


Remark 5.3. One may easily state localized versions of the above corollary. 

Corollary 5.4. Assume that f{x,y) = 2/3^ log^ 2| sin(7rO-v)) | v) covari¬ 

ance of a {distribution valued) field X on the unit circle. Here g is a bounded con¬ 
tinuous function that is 1-periodic in both variables x and y and we have identified 
the unit circle with R/Z. Assume that p and ip are two locally Holder continuous 
convolution kernels in R that satisfy the conditions of Lemma \5.1l and let (e„) be 
a sequence of positive numbers Sn converging to 0. Then the approximating fields 
Xn := Pe.^ *X and Xn '.= ipe„ *X satisfy the conditions and dH]) of Theorem, \l.l[ 

Remark 5.5. Above when defining the approximating fields X„ we assume that 
X stands for the corresponding periodized field on R and the fields X„ will then 
automatically be periodic so that they also define fields on the unit circle. 

Proof. One easily checks that £{x) = 2/3^ log'*' 2 | sinVa^)! BMOpR). The rest 
of the proof is analogous to the one of the previous corollary. □ 

The Proposition 15. 71 is needed later on in a localization procedure that is used to 
carry results from the real line to the unit circle. For its proof we need the following 
lemma. 


Lemma 5.6. Assume that is a sequence of random measures that converges to 
pL weakly in Lp(H). Let F: H —>■ C{'T) be a function valued random variable and 
assume that there exists q > 0 such that 


E 


a 

sup F{x) < oo 

xGT 


for some a > Then f F{x) dpn{x) tends to f F(x) dp(x) in L‘^{Ll). 


Proof. It is again enough to show that any subsequence possesses a converging 
subsequence with the right limit. To simplify notation let us denote by pn an 
arbitrary subsequence of the original sequence. 

Directly from the definition of the metric in the space we see that pn —t 
p in probability, meaning that we can pick a subsequence pn^ that converges 
almost surely. Then the almost sure convergence holds also for the sequence 
/ F{x) dpn^{x). Finally, for any allowed value of 9 a standard application of 
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Holder’s inequality shows that E | f F{x) is uniformly bounded for some 

e > 0. This yields uniform integrability and we may conclude. □ 

Proposition 5.7. Let (Xn) and (Zn) be two sequences of {jointly Gaussian) Holder- 
regular Gaussian fields on T■ Assume that the pseudometrics arising in Defini¬ 
tion \EJ\ can be chosen to have the same Holder exponent and constant for all the 
fields Zn- Assume further that there exists a Holder-regular Gaussian field Z such 
that Zn converges to Z uniformly almost surely and that E [Xn(x)Zn(x)] converges 
uniformly to some bounded continuous function x i—>■ ¥,[X{x)Z{x)\. Then if the 
measures 

dpn{x) 

converge weakly in L'p{VL) to a measure fi, also the measures 

dyn{x) := dpn{x) 

^ gZ„(x)-iE[Z„(a:)"]-E[A„(a:)Z„(x)] 

converge weakly in L'^{GL) for all q < p to the measure 

dv{x) := dpi{x). 

Proof. By a standard application of the Borell-TIS inequality [TJ Theorem 4.1.2] 
we have the following uniform bound 

(16) 


for all r > 0. Fix e > 0 and for all n > 1 define 


A^ := {uj £ Ll : sup \Zk{x) — Z{x)\ < e for all k > n}. 

xGT 

By the assumption on uniform convergence we have —>■ 1 as n —>■ oo. 

Fix / S C{T), which we may assume to be non-negative, and let 0 < 9 < p. We 
first show that 

]E[xn\A= kn(/) - 0 

as n —>■ 00 . It is enough to verify uniform integrability by checking that 

supE|i^„(/)|P'-hE|i^(/)|P' < 00 (17) 

n>l 


for some q < p' < p. This in turn follows easily from the assumed uniform 
bound for pn by using Holder’s inequality together with ((T51) . 

To handle the remaining term E Wn{f) — v{f)\'^] we use the defining property 
of the set , i.e. \Zn{x) — Z{x)\ < e for all x £ T- By choosing n large enough 
and by using (HU) we may further assume that sup^, g.^|E[Z„(x) 2 ]-E[Z(x) 2 ]| <e 
and sup,j,g. 7 - |E [Zn{x)Xn{x)] — E [Z{x)X{x)]\ < e. It follows that when w £ Af, we 
have 

e"^^c„(/) < Vnif) < e^'^Cnif), 


where 



By combining this with the bound (fT71) we see that E\iyn{f) — c„(/)|‘? —^ 0 as 
e —>■ 0, uniformly in n. Finally, by Lemma 15.61 we have c„(/) —>■ vif) in L‘^{Ll). 
This finishes the proof. □ 
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6. An application (Proof of Theorem 11.30 


The main purpose of this chapter is to prove Theorem 11.31 and explain carefully 
the approximations mentioned there. For the reader’s convenience we try to be 
fairly detailed, although some parts of the material are certainly well-known to the 
experts. 

We start by defining the approximation A 2 ,„ of the restriction of the free field 
on the unit circle := {{xi,X 2 ) S -I- ccl = 1}, or if needed := {z € C : 

\z\ = 1} as we freely identify with C. Following [3] recall that the trace of the 
Gaussian free field on the unit circle is defined to be the Gaussian fielcO 


X(x) = 2\/iog2G-k cos(27rfca;) -|- sin(27rfca;)^ 


Bk 


k=l 




Vk‘ 


-\ --/ II 


(18) 


where Ak,Bk and G are independent standard Gaussian random variables. The 
field X is distribution valued and its covariance (more exactly, the kernel of the 
covariance operator) can be calculated to be 




A natural approximation of X is then obtained by considering the partial sum of 
the Fourier series 




tb j j—y 

,„(a;) := 2v^log2G -I- v^E(^ cos(27rfca:) -I- sin(27rfc(r)^ . 


Another way to get hold of this covariance is via the periodic upper half-plane 
white noise expansion that we define next - recall that the non-periodic hyperbolic 
white noise W and the hyperbolic area measure rrihyp were already defined in the 
introduction. We define the periodic white noise Wper to be 


Wper{A) = W{A mod 1), 


where A mod 1 = {(x mod 1, j/) : {x,y) G A} and we define x mod 1 to be the 
number x' G [~ 5 ) f) such that a; — is an integer. Now consider cones of the form 

1 2 

H{x) := {{x',y') : \x' - x\ < -,y > -tan|7r|x' - a:||}. 

Z TT 

It was noted in [3] that the field x i—>■ ^/2Wper{H{x)) has formally the right covari¬ 
ance m, whence a natural sequence of approximation fields (Ai_„) is obtained by 
cutting the white noise at the level 1/n. More precisely we define the truncated 
cones 

Ht{x) := H{x) n {ix,y) G R^ : y > e“*} (20) 

and define the regular field Xi^n by the formula 




( 21 ) 


The third approximation fields X^^n are defined by using a Holder continuous 
function (p G T^(R) that satisfies f (p = 1 and possesses the decay 

lt=(-)l s (i + I^DW 

for some G, d > 0. We then set Xs^n ■= ‘Pi/n * Aper, where Xper{x) = A(e^’’’“) 
is the periodization of X on R. This form of convolution is fairly general, and 
encompasses convolutions against functions p defined on the circle whose support 
do not contain the point (— 1 , 0 ). 


^Observe that we have in fact multiplied the standard definition by \/2 to get the critical field. 
Also the innocent constant term 2\/log 2G is often omitted in the definition. 
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Example 6.1. Let u be the harmonic extension of X in the unit disc and consider 
the approximating fields X„(x) = u(r„x) for x € and for an increasing sequence 
of radii r„ tending to 1. Then X„(x) is obtained from X by taking a convolution 
against the Poisson kernel on the real axis, where (p(x) = and 

Sn — log This kind of approximations might be useful for example in studying 
fields that have been considered in m- 


The fourth approximation fields X 4 ^n are defined by using a wavelet tp: R —)■ R. 
We assume that ip is obtained from a multiresolutional analysis, see [551 Definition 
2.2], and that it has the decay 

mx)\<C{l + \x\)-^ ( 22 ) 


with some constants C > 0 and a > 2. We further assume that ip is of bounded 
variation, so that the distributional derivative ip' is a finite measure that satisfies 
the following condition on the tail 



(1 + \x\)d\ip'\{x) < oo. 


(23) 


Remark 6.2. The conditions (1551) and (I55|) are fairly general, especially the standard 
Haar wavelets satisfy them. 


With the above definitions it follows from [281 Proposition 2.21] that the peri- 
odized wavelets 

OO 

ipj,k{x) := ^ tp{2^ {x - 1) - k) 

1 — — 00 

together with the constant function 1 form a basis for the space L^([0, Ij). 

We next consider vaguelets that can be thought of as half-integrals of wavelets. 
Our presentation will be rather succinct - another more detailed account can be 
found in the article by Tecu m- The vaguelet v: R —>• R is constructed by setting 


iy{x) 


1 r m 

J-oo 's/\x — t\ 


An easy computation utilizing the decay of ip verifies that z/: R R satisfies 


W{x)\ < 


c 

(l + |a;|)i+^ 


(24) 


for some C, <5 > 0. We may then define the periodized functions 


:= i>(2^{x — 1) — k) (25) 

Z 6 Z 


for all j > 0 and 0 < fc < 2-' — 1. It is straightforward to check that the Fourier 
coefficients of satisfy 


- , ^ ^3,kin) 

^ 3 ,kin) = when n ^ 0, 

■^|27rn| 

and that Vj^k is the half-integral of ipj^k in the above sense. 
The field X 4 ^n can now be defined by 


n 2^-1 

X4,nix) :=2^/I^G + ■^3,kk'3,kix), 

j—0 k—0 


(26) 
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where G and Aj^k are independent standard Gaussian random variables. To see 
that this indeed has the right covariance one may first notice that 

oo 2^-1 

Y — 'y ^ ^ ^ Aj^k'4’j,k{x) 

j—Q k—{) 

defines a distribution valued field satisfying E (T, u)(Y, v) = (u, v) for all 1 -periodic 
C°° functions u and v. The field Xi^n{x) is essentially the half integral of this field, 
whose covariance is given by 

E(ji/2F,n)(ji/2y,^;) =E(r, J1/2 u)(F,j1/2w) = = (Iu,v), 

where the lift semigroup f for functions / on is defined by describing its 
action on the Fourier basis: for any n ^ 0 and 7^1 = 

0. A short calculation shows that the operator I has the right integral kernel 

TT 2| sin{7r(s—i))| 

Proof of Theorem M.A The road map for the proof (as well as for the rest of the 
section) is as follows: 

(1) We first show in Lemma l^^ below that the chaos measures constructed from 
the white noise approximations converge weakly in by comparing it to 
the exactly scale invariant field on the unit interval by using Proposition l5.7l 

(2) Next we verify in Lemma 16.51 that the Fourier series approximations give 
the same result as the white noise approximations. This is done by a direct 
comparison of their covariances to verify the assumptions of Theorem ll.il 

(3) Thirdly we deduce in Lemma iG . 7l that convolution approximations also yield 
the same result by comparing a convolution against a Gaussian kernel to 
the Fourier series and again using Theorem ll.il 

(4) Fourthly we prove in Lemma lB. 121 that a vaguelet approximation yields the 
same result by comparing it against the white noise approximation. 

(5) Finally, in Lemma 16.131 convergence in probability is established for the 
Fourier series, convolution and vaguelet approximations by invoking Theo¬ 
rem oi 

After the steps (l)-(5) the proof of Theorem 11.31 is complete. 

The following lemma gives a quantitative estimate that can be used to compare 
fields defined using the hyperbolic white noise on H. 

Lemma 6.3. Let U be an open subset of {(x,y) G H : y < 1} such that the 
set {{x,y) € U : y = s} is an interval for all 0 < s < 1. Let f{s) denote the 
length of this interval and assume that f{s) < Cs^~^^ for some <5 > 0. Then the 
map {x, s) I—>■ W(Us + x) admits a modification that is almost surely continuous in 
[a, b] X [0,1] for any a < b, and almost surely the maps x W(Us + x) tend to 
W{U + x) uniformly when s —>■ 0. Here Us = {{x,y) € U : y > s}. 


Proof. Let us first show that 

E \ W{Us + x)- W{Us + y)\^< C\x -y\^. 


for some C > 0. By translation invariance of the covariance it is enough to consider 
M\W{Us + x) — W{Us)\‘^ and we can clearly assume that 0 < a; < 1. Obviously the 
1-measure of the set {{Us -I- t) 0 {y = a }) A{Us 0 {y = a}) equals 2min(/(a), x). 
Hence we have 


E\W{Us+x)-W{Us)f = 2 f dy < 2max(l,C) 

Js y 


^ min(y^+'^,x) 


dy 


= 2 


max(l, C) ^(1 + (5 ^)x^+^ — x^ < Cx^+^. 
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Notice next that 

W.\W{Us)-W{Ut)\'^ = [ -s^). 

Js ^ ^ 

It follows that the map (x, s) i-A W{Us + x) is Holder-regular both in x and s, and 
therefore also jointly. By Lemma 12.21 the realizations can be chosen to be almost 
surely continuous in the rectangle [a, b] x [0,1] which obviously yields the claim. □ 

The claim concerning the approximating fields Xi „ follows from the next lemma 
by taking into account the definitions (l20l) and (EB). In the proof we identify the 
field on the unit circle locally as a perturbation of the exactly scaling field on the unit 
interval. For the chaos corresponding to the last mentioned field the corresponding 
convergence statement was proven in m. and we use this fundamental fact as the 
basis of the proof of the following lemma. 

Lemma 6.4. Let either (3 < \ and pt he the Lebesgue measure on the circle, or let 
/3 = 1 and dpt{x) = \/tdx. Then the measures 

^l3V2Wper{Ht(x))-P^ElWperiHt(x)f] 

defined on the unit circle {which we identify with R/Z) converge weakly in L^{TL) 
to a non-trivial measure for 0 < p < 1. 

Proof. As our starting point we know that the measures defined by 
dMx) := 

on the interval [—\, 5] converge weakly in LP{LI) to a non-trivial measure for 0 < 
p < 1 under the assumptions we have on fi and pt- Here At stands for the cone 
defined in ([5]) in the introduction. One should keep in mind that we are using the 
same hyperbolic white noise when defining both W and Wper- 
Let us split the cones Ht into two sets and Hfi, where 

iLt+(x) := Ht{x)r\{{x,y) € H : p > 1} and Hfi{x) := iLt(x) O {(x, p) € H : p < I}. 

Clearly Wper{Ht{x)) = Wper{Ht'(x)) + WpefiHfi {x)) and by elementary geom¬ 
etry it is easy to see that if we restrict x to the interval (—(5o,^o) where Jq = 

1 _ arctan(,r/2) _ (VFper (2;)))a;G(-5o A) = ())^G(-5o A)' 

Hence our aim is to first verify the convergence on the interval (— 

Write then Ft(x) = Wper{Ht{x)), Yt^{x) = Wper{Ht {^)) &ndYt~{x) = W{Hfi{x)) 
and similarly for the limit fields (which clearly exist in the sense of distributions) 
write F(x) = Wper{H{x)), F+(x) = Wper{H~'~{x)) and F“(x) = W{H~{x)). Let 
Xt{x) := IF(At(x)) and X{x) := W{A{x)) and define Zt{x) := Yt~{x) — Xfix) so 
that we may write Y^fi{x) = Xfix) -I- Zfix). We next make sure that Zfix) is a 
Holder regular field, the realizations of which converge almost surely uniformly to 
the Holder regular Gaussian field Z{x) := F“(x) — X{x). 

The field Z{x) decomposes into a sum L(x)-|-i?(x)-|-r(x), where L{x) = —W{L+ 
x), R{x) = —W{R + x) and T{x) = —W{T + x) with 

R = {{x,y) ■■ -arctan(^p) < x < ^,p < 1} 

IT Z Z 

L = {{-x,y) ■■ {x,y) G R} 
r= {(x,p) : < X < i,p > I}. 

We define the truncated versions of Lt, Rt and Tt by cutting the respective sets at 
the level as usual, so that Zt{x) = Lfix) + Rfix) +Tt{x). Clearly Tt{x) = T{x) 
for t > 0. 
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Let now f{u) = f — arctan(^u). Using the Taylor series of arctan(u) = 
u—^ + ^ — ^ + ... we have 

/(«) = + 0{u^), 

so f{u) < Cv? for some constant C > 0. It follows from Lemma [6.31 that Lt{x) 
and Rt{x) converge almost surely uniformly to the fields L(x) and R{x), so Zt{x) 
converges almost surely uniformly to Z(x) as t —>■ oo. 

Note that E [Zt{x)Xt{x)\ tends to a finite constant as < —>■ oo, so the assumptions 
of Proposition [5771 are satisfied. Therefore the measures 


ut 




on (—6,5) converge weakly in LP(n). Because is a regular field, we may again 
use Proposition 15.71 to conclude that also the measures 

on (—6,6) converge in By the translation invariance of the field the same 

holds for any interval of length 25. Let /i,..., be intervals of length 25 that 
cover the unit circle and let pi,... £ C(S^) be a partition of unity with respect 

to the cover R. The measure 

P,(/) = I 

on the whole unit circle can be expressed as a sum dfitix) = pi[x)d'fl^^\x) + • • • + 
P 2 {x)djl[^\x). Because each of the summands converges in L'p{VI), we see that the 
also the family of measures pt converges in LP(fl). □ 


Lemma 6.5. Let either /3 < 1 and dpn{x) = dx for all n > 1 or let ft = 1 and 
dpn{x) = ^log n dx. Then the measures 

dp2.n(x) := dp^x) 

converge in distribution to the random measure constructed in Lemma \6.4\ 

Proof. Let fn{x) := E [X2,„(a:)X2,„(0)]. It is straightforward to calculate that 


/ N .. „ „ cos(27rfca:) 

/„(a:) =41og2 + 2^ - 

k=l 

In particular /n(0) = 4 log 2 + 2i7„, where Hn is the nth Harmonic number, Hn = 
logn + 7 + 0(i) with 7 being the Euler-Mascheroni constant. Let f{x) := 41og2 + 
2 log 2| sin(7 rx)| limit covariance and define gn{x) := f{x) — fn{x). One can 

easily compute that for 0 < a: < ^ we have 

27rcos(27r(n + i)a;) 


In particular the maximums and minimums of the difference gn{x) occur at the 
points 0 < j < n. Consider the telescoping sum 

gn{xf'’) = {gn{.xf^) - 5n(a;j-+i)) + • • • + (5n(a;i-l) - 5n(4”^)) + gni.X^n'’)' (27) 
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Here the terms in parentheses form an alternating series whose terms are decreasing 
in absolute value. Moreover, the term stays bounded as n —>■ oo 

and the term goes to 0 as n —>■ oo. All this is obvious from writing 




(") 


) = 


r^3+i 


9n{t) dt = -27r 


2j + 3 

<‘"+2 cos(7r(2n + l)t) 


r 4 , 14 - 
2.2i±i 


sin(7rt) 


dt (28) 


—27r 


cos{TT{y+j + 1)) 
sin(^^^) 


2n + 1 J- 1/2 
(-l)J27r 

2n + l y_i /2 sin(7r2^^) 


dy 


2n+l 

cos(7r2/) 


dy, 


9n{x^n^) = - 21 og( 2 ) - 2 ^ 


(- 1 )^ 


k=l 


In particular we deduce that 


sup sup \gn{x)\ < oo. 


n>l . 


.(n) 


(29) 


Notice also that for any fixed £ > 0 all the maximums and minimums in the range 
X > e are located at the points with j > 2en + e — i, and 


lim 

n—^oo 


sup \9n{x^^+i) - ffn(a;j”^)| = 0 


j>sn+e— 2 

by (1^51) . From (l?7l) it follows that the Fourier covariance converges to the limit 
covariance uniformly in the set {|x| > e}, a fact that could also be deduced from 
the localized uniform convergence of the Fourier series of smooth functions. 

Consider next the white noise covariance ht{x) := 2E [Wper{Ht{x))Wper{HtiO))]- 
By symmetry we may assume all the time that x > 0. After a slightly tedious 
calculation one arrives at the formula 


41og2 + 21og2i4^, 
ht{x) = <( - 2 xe* + 2t- 21 og(cos(fx)) 
2 arcWiO _ 21 og( 7 r), 


if X > ^ arctan(|e *) 


log(7r' 


2^-2t 


■4) 


if X < ;| arctan (^e *). 

Let us consider the approximation along the sequence = log(n). Then /it(0) = 
21og(n) +0(1). Moreover at the point x„ = arctan(^e“*’*) = |■arctan(^) we 
have 

t.. (x„) = 4 log 2 + 2 log = 2 log(») + 0(1). 

Because the function ht^ without the bounded term —2log(cos(^x)) is linear and 
decreasing on the interval [0,Xn] we know that it is actually 21og(n) + 0(1) on 
that whole interval. Similarly it is easy to check that for the Fourier series we 
have fn{x) — 21 og(n) + 0(1) on the interval [ 0 ,x„] because \fn{x)\ < 4?™ and 
Xn = 0(i). Thus |/ra(x) — ht„{x)\ = 0(1) for X < x„. For x > x„ it follows from 
(EH) that |/n(x) — ht^{x)\ = \gn{x)\ is bounded. 

From the above considerations and symmetry it follows that the covariances of 
the fields and A 2 ,„ satisfy the assumptions of Theorem ll.il This finishes the 
proof. □ 


Remark 6 . 6 . The somewhat delicate considerations in the previous proof are nec¬ 
essary because of the fairly unwieldy behaviour of the Dirichlet kernel. 

Next we verify that any convolution approximation to the field X also has the 
same limit. 
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Lemma 6.7. Let ip he a Holder continuous mollijier satisfying ff°^(p(x)dx = 1 
and ip{x) = 0{x~^~^) for some 5 > 0. Then the fields defined on by using 
the periodized field on R: 

^3,n(3l) ■= {Tljn * Xperfix') 

are Holder-regular and the measures 

:= e/5X3,„(.)-^E[X3,„(.)=] 

converge in distribution to Here pn is the Lebesgue measure if fi < 1 and 

dpn = ^/\ogn dx if /3 = 1. 


Proof. It is enough to show the assumptions of Theorem ll.ll for one kernel satisfying 
the conditions of the lemma because of Corollary 15.41 and because of Lemma 16.51 
we can do our comparison against the covariance obtained from the Fourier series 
construction. We will make the convenient choice of ip(x) = 2 as our kernel. 

The covariance of the field * Xp^r is given by {ipe * f )(x — y), where ipeix) = 
{pe *‘Pe{-)){x) = and/(x) =41og2 + 21og^^4^. 

Using the identity log a short computation shows 

that we can write the difference of the covariances of X 2 ^n (the Fourier field) and 
Xs^n in the form 


2E 


cos(27rfcx) 


(1 - e 


— 477 


2 




)-2 E 

k—n-\-l 


cos(27r/cai) 


Since 1 — e ^ < a; for a; > 0, the Hrst term is bounded by 2 In 

turn the second term is bounded from above by 


„-47I-2 


t 


■ dt = 2 


/ 


00 ^— 4 Tr‘‘s 


ds. 


Because both of the covariances converge locally uniformly outside the diagonal, 
we again see that the assumptions of Theorem 11.11 are satisfied. □ 


Our next goal is to prove the convergence in distribution for the vaguelet ap¬ 
proximation X^^n- We start with the following useful estimate. 


Lemma 6.8. Let / : R —>■ R 6 e a bounded integrable function and let 


F{x) 


1 r fit) 

J -00 \/\x - t\ 


be its half-integral. Then there exists a constant C > 0 {not depending on f) such 
that for all x,y G R we have 


\F{x) - F{y)\ < C\\f\\^./\^\. 


Proof. Clearly it is enough to show that 


pCO 

1 

1 

dt < C^/\x - y\. 

J —00 

^/\x-t\ 

1 

1 

T>+- 

Notice that the integrand can be approximated by 


1 

1 


\y-t\- \x-t\\ 


V\x-t\ 

V\y-t\ 

\x-t\^/\y-t\ + ^/\x-t\\y 


_ \x-y\ _ 

\x-t\^/\y-t\ -G ^/\x-t\\y-t\ 
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We can without loss of generality assume that x < y and split the domain of 
integration to the intervals (—oo,a:], [x, [^^,2/] and [?/,oo). On each of the 

intervals the value of the integral is easily estimated to be less than some constant 
times which gives the result. □ 


In the lemmas below we recall the definition of the field X4 „ in (E51) . 

Lemma 6.9. We have 

I \ ^ c 

- (l + 2J dist(x,0))i+^ 

for some constant c > 0. Here dist(a:, y) = min{|a; — y + k\ : k € Z}. 

Proof. Without loss of generality we may assume that 0 < a; < 1 and let d = 
dist(a;, 0). We have 


^ (1 + 2i\x - l\y+^ ~ M ^ ^ ~ 

2C C 

- (1 + 23dy+^ ^ it 

^ 2C 2C ^ d 

- (1 + 2idY+^ (1 + 2J)i+« ^ ii (1 + 2Ju)i+-5 

1 2C 1 c 

“ {l + 23dY+^ 5 2 j (1 + 2:')'5 - (l + 23dY+^' 


Lemma 6.10, There exists a constant yl > 0 such that 

2^-1 

k=0 

for all j > 0 and a; G R. 

Proof. By using Lemma lOH and the fact that Vj^k{x) = Vj,o{x — k2~Y we have 


2"-l 


2"-l 


2^-1 


T l^a.fc(2^)l = T - k2 Y\ < T 




fc=0 

oo 




(1 + 2J dist(a;- fc2-L0))i+‘5 


<2cE 


fc=0 


Y + k) 


l+<5 


< OO. 


□ 


Lemma 6.11. There exists a constant B > 0 such that for all n > 0 and a;, y G R 
satisfying dist(a;,y) > 2“" we have 


cso 2^ — 1 

T T WjAx)^jAy)\ < B. 

j—n k—0 
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Proof. By using Lemma 16.91 and the fact that = Vjfi{x — k2 we may 

estimate 


oo 2^—1 

j—n k—0 
oo 2^-1 


j—n k—0 
oo 2^-1 

^EE 

j—n k—0 


(1 + 2t dist(a: — 0))^+^(l + 2-? dist(j/ — k2~p0)y+^ 

2c^ 


max((l + ky+y (1 + 2t-”-i)i+'5) 


^ / 1 + 2^-"-! ^ 

2^ V(1 + 2t-"-i)i+<5 ^ 

j^n 
oo 

A 


<2P 


< 2 & 


1 


^ (l + /fc)l+'5. 

fe=2i-"-i + l ^ ' 


dx 


(l + 2f-"-i)'5 72,_„_i (l + a;)i+'5 


CJCJ ^ ^ tXJ 

<2c 2(1 + i) y ---^ < 2c2(l + ^) y 2-^(^-i) =B<oo. 

(5 ^ (1 + 2J-”-i)'5 “ ^ 6 ^ 

j=n j=0 


□ 


Lemma 6.12. Let either /3 < 1 and dpn{x) = dx for all n> 1 or let f) = 1 and 
dpn{x) = yn log 2 dx. Then the measures 

:= e/3^An(.)-i2E[X4.„(.)^] 

converge in distribution to the random measure constructed in Lemma Wl\ 

Proof. The covariance Cn(x,y) of the field is given by 

n 2^-1 

Cn[x,y) = 41og2 + 271 EE lyjAA’^jAv)- 

j—0 k—0 

Let ipj^k be the periodized wavelets. Then there exists a constant D > 0 such 
that ||'!/'j,fe||oo < for all j > 0, 0 < fc < 2-' — 1. It follows from Lemma IHIHI and 

Lemma [6.101 that when dist(x,2/) < 2“"’, we have 

n 2^-1 

\Cn{x,x) - Cn{x,y)\ <271 EE W 3 Ax)\\Vj^k{x) - Vj^k{y)\ (30) 

j—0 k—0 

n 2^-1 

<271(7\/|x - y\ EE l77.fc(^)IIIV’t,felloe 
j—0 fc—0 
n 

<2TTACDy\x-y\'^2^/^ < E. 

j=o 

for some constant E > 0. It follows from Lemma 16.111 that for any e > 0 the 
covariances Cn{x,y) converge uniformly in the set 14 = {{x,y) : dist(a;,7/) > e}. 
Obviously by definition there is a distributional convergence to the right covari¬ 
ance 4log2 -|- 2 log 2| sin(7r^(a;-y))| must agree with the uniform limit in 14. 

Especially, by invoking again the bound from Lemma 16.111 we deduce that 

1 

2 sin(7r2“") 


\Cn(x,x + 2 "■) - 41og2 - 21og 


I < 2ttB. 


(31) 
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Thus by combining ( 15 ( 11 ) and m the covariance satisfies 

\Cn{x,y) - 2nlog2| < F for all {x,y) G {{x,y) : dist{x,y) < 2“"} 

for some constant F > 0. From the known behaviour (see e.g. the end of the 
proof of Lemma EB of the covariance of the white noise field Xi^n it is now easy 
to see that the assumptions of Theorem 11.11 are satisfied for the pair (X 4 „) and 
(Xl.n). ’ □ 

Finally we observe that the convergence in lemmas 16.5116.71 and 16.121 also takes 
place weakly in L^. 

Lemma 6.13. The convergences stated in lemmas \6.5\.\6.7\ and \6.1i^ take place in 
LP for 0 < p < 1 [especially in probability). 


Proof. We only prove the claim in the critical case since the subcritical case is 
similar. We will use the fields Xi^n as the fields in Theorem l4.4l Then according 
to Lemma 16.41 we have that dpn converges in probability to a measure 

/ii_si when dpn = y/\og ndx. 

In the case of the Fourier approximation we can define in Theorem 14.41 to be 

the nth partial sum of the Fourier series. That is 

n 

Rnf ■■= Y. 

k— — n 


Recalling Jackson’s theorem on the uniform convergence of Fourier series of Holder 
continuous functions, it is straightforward to check that i?„ is a linear regularization 
process. 

In the case of convolutions we take to be the convolution against 
where {£„)„>i is a sequence of positive numbers tending to 0. The sequence (i?„) 
obviously satisfies the required conditions. 

Finally, we sketch the proof for the vaguelet approximations. This time we 
employ the sequence of operators 


„1 n 2^-1 y „i V 

Rnf{x):= f + Y'l2{ 

J 0 A —n L n 0 / 


j—0 k—0 

Because of finiteness of the defining series it is easy to see that (i?„) satisfies the 
second condition in Definition For the first condition we first fix a G (0,1/2) 
and observe that RnVj'.k' = as soon as n > f. By the density of vaguelets, 
in order to verify the first condition it is enough to check that the remainder term 
tends uniformly to 0 for any / G We begin by noting that ^ = —iHI~^, 

where H is the Hilbert transform, which yields for / G C°‘[S^) 

±i;^^,[y)(HI+^/^f{y)) \ < C2-^\ X G [0,1), 

since f[x) G by the standard mapping properties of and the 

Hilbert transform is bounded on any of the C“-spaces. Above, the final estimate 
was obtained by computing for any g G with periodic continuation G 

to R that 


/' 


'4’3,k[y){i ^'‘^f[y)) 


f 


f 


dx 


i’3,o{x)g{x) 


< 2^^ 


22Jdilj'{2^x)G{x) 

pCX) 

/ \dij'[x)\[2-^x) 


= 2^/2 


dfj'[x)[G[2-^x)-G[0)) 


1 + 1/2 


< 2 " 


f 


W[x)\[l + |x|). 


The last integral is finite by the assumption (1551) . Together with Lemma 16.101 this 
obviously yields the desired uniform convergence. 
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The proofs of the lemmas 16.5116.71 and 16.121 show that the covariances stay at a 
bounded distance from the covariance of the field and therefore a standard 

application of Kahane’s convexity inequality gives us an bound. Combining this 
with Theorem 14.41 yields the result. □ 

As noted in the beginning of this section, having proved all the lemmas above 
we may conclude the proof of Theorem 11.31 □ 

Remark 6.14. In the case of vaguelet approximations we may also rewrite 

OO 

X{x) = 

i=l 

where Ai and Vi are the random coefhcents and vaguelets appearing in (1261) ordered 
in their natural order. The convergence and uniqueness then also holds for the 
chaos constructed from the fields 

n 

i=l 

with the normalizing measure dpn{x) = -^logndx. 

Remark 6.15. There are many interesting questions that we did not touch in this 
paper. For example (this question is due to Vincent Vargas), it is natural to ask 
whether the convergence or uniqueness of the derivative martingale [TT] depends on 
the approximations used. 


References 

[1] R. J. Adler, and J. E. Taylor: Random fields and geometry, Springer Science Sz. Business 
Media, 2009. 

[2] E. Aidekon, Z. Shi: The Seneta-Heyde scaling for the branching random walk, The Annals 
of Probability 42(3) (2014), 959-993. 

[3] K. Astala, A. Kupiainen, E. Saksman, and P. Jones: Random conformal weldings, Acta 
mathematica 207 (2011), 203-254. 

[4] E. Bacry, and J. F. Muzy: Log-infinitely divisible multifractal processes, Communications in 
Mathematical Physics 236(3) (2003), 449-475. 

[5] J. Barral, A. Kupiainen, M. Nikula, E. Saksman, C. Webb: Basic properties of critical 
lognormal multiplicative chaos. To appear in The Annals of Probability (2015). 

[6] N. Berestycki: An elementary approach to Gaussian multiplicative chaos. arXiv preprint 
1506.09113 (2015). 

[7] N. Berestycki, S. Sheffield, and X. Sun: Liouville quantum gravity and the Gaussian free 
field, arXiv preprint 1410.5407 (2014). 

[8] V. 1. Bogachev: Measure theory, vol. 2, Springer, 2007. 

[9] M. Bramson: Convergence of solutions of the Kolmogorov equation to travelling waves, Amer¬ 
ican Mathematical Society 44(285) (1983). 

[10] F. David, R. Rhodes, and V. Vargas: Liouville Quantum Gravity on the complex tori, arXiv 
preprint 1504.00625 (2015). 

[11] B. Duplantier, R. Rhodes, S. Sheffield, and V.Vargas: Critical Gaussian multiplicative chaos: 
convergence of the derivative martingale. The Annals of Probability 42(5) (2014), 1769-1808. 

[12] B. Duplantier, R. Rhodes, S. Sheffield, and V.Vargas: Renormalization of critical Gaussian 
multiplicative chaos and KPZ relation. Communications in Mathematical Physics 330(1) 
(2014), 283-330. 

[13] B. Duplantier, R. Rhodes, S. Sheffield, and V. Vargas: Log-correlated Gaussian fields: an 
overview, arXiv preprint 1407.5605 (2014). 

[14] B. Duplantier, and S. Sheffield: Duality and the Knizhnik-Polyakov-Zamolodchikov relation 
in Liouville quantum gravity. Physical Review Letters 102(15) (2009). 

[15] B. Duplantier, and S. Sheffield: Schramm-Loewner evolution and Liouville quantum gravity. 
Physical review letters 107(13) (2011). 

[16] B. Duplantier, and S.Sheffield: Liouville quantum gravity and KPZ, Inventiones mathemati- 
cae 185(2) (2011), 333-393. 





28 


J. JUNNILA AND E. SAKSMAN 


[17] Y. V. Fyodorov, and J. P. Keating: Freezing transitions and extreme values: random matrix 
theory, and disordered landscapes Philosophical Transactions of the Royal Society of London 
A: Mathematical, Physical and Engineering Sciences 372(2007) (2014). 

[18] L. Grafakos: Modern fourier analysis, Springer, 2009. 

[19] J—P. Kahane: Sur le chaos multiplicatif, Annales des sciences mathematiques du Quebec 9(2) 
(1985), 105-150. 

[20] J—P. Kahane: Positive martingales and random measures, Chinese Annals of Mathematics 
Series B 8(1) (1987), 1-12. 

[21] J. Miller, and S. Sheffield: Quantum Loewner Evolution, arXiv preprint 1312.5745 (2013). 

[22] R. Rhodes, V. Vargas: Gaussian multiplicative chaos and applications: a review. Probability 
Surveys 11 (2014). 

[23] R. Robert, V. Vargas: Gaussian multiplicative chaos revisited. The Annals of Probability 
38(2) (2010), 605-631. 

[24] A. Shamov: On Gaussian multiplicative chaos, arXiv preprint 1407.4418 (2014). 

[25] S. Sheffield: Gonformal weldings of random surfaces: SLE and the quantum gravity zipper, 
arXiv preprint 1012.4797 (2010). 

[26] N. Tecu: Random Conformal Weldings at criticality, arXiv preprint 1205.3189 (2012). 

[27] C. Webb: Exact asymptotics of the freezing transition of a logarithmically correlated random 
energy model, Journal of Statistical Physics 145(6) (2011), 1595-1619. 

[28] P. Wojtaszczyk: A mathematical introduction to wavelets, Cambridge University Press, 1997. 

[29] M. Yor: “On some exponential functionals of Brownian motion”, In: Exponential Functionals 
of Brownian Motion and Related Processes, Springer, 2001, 23-48. 

University of Helsinki, Department of Mathematics and Statistics, P.O. Box 68, FIN- 

00014 University of Helsinki, Finland 

E-mail address: jcLiine.juimila@helsinki.fi 

University of Helsinki, Department of Mathematics and Statistics, P.O. Box 68, FIN- 

00014 University of Helsinki, Finland 

E-mail address: eero.saksinan@helsinki.fi 



